INTERSECTION COHOMOLOGY OF QUOTIENTS OF 
NONSINGULAR VARIETIES 

YOUNG-HOON KIEM 



1. Introduction 

Let M C P" be a nonsingular projective variety acted on by a connected complex 
reductive group G = via a homomorphism G GL{n + 1) which is the com- 
plexification of a homomorphism K — > U{n + 1). Geometric invariant theory (GIT) 
gives us a recipe to form a quotient : M*'' M//G of the set of semistable points 
and many interesting spaces in algebraic geometry are constructed in this manner 
jMFK94j . But often this quotient is singular and hence intersection cohomology 
with middle perversity is an important topological invariant. The purpose of this 
paper is to present a way to compute the middle perversity intersection cohomology 
of the singular quotients. 

The choice of an embedding M C P" provides us with a moment map for the 
if-action and the Morse stratification of M with respect to its norm square is K- 
equivariantly perfect, with the unique open dense stratum Af"* jKir84j . Hence one 
can compute the Betti numbers for the equivariant cohomology iJ^(M'"*) as well 
as the cup product, at least in principle. See also |Kir92l . 

When G acts locally freely on M"*, we get an orbifold M//G = A-F'' /G and 

H^^iM"') = H*{M//G) ^ IH*{M//G). 

Hence this equivariant Morse theory enables us to compute the cohomology ring of 
the orbifold quotient. 

However, if the G action on M"* is not locally free, then MjjG has more serious 
singularities than finite quotient singularities. In general, the induced homomor- 
phism H*{M//G) i/J^(Af^*), which comes from the quotient map 

(j)K -EK y.K M''" M//G, 

is neither injective nor surjective. Furthermore, the natural map from the ordi- 
nary cohomology H*{M//G) to the intersection cohomology IH*{M//G) due to 
Goresky and MacPherson |GM80[rGM83j is neither injective nor surjective. Hence, 
knowledge of the equivariant cohomology 77^ (iW"*) does not directly enable us to 
compute the topological invariants for MjjG. 

In jKir85 , Kir wan invented a method to partially desingularize Mjj G by blowing 
up M*"* systematically. When the set of stable points is nonempty, she used 
this process to define a map, which we call the Kirwan map 



"M ■ -'-'if 



^ IH*{M//G) 



and then to provide an algorithm for the computation of the Betti numbers of 
IH* {Mjj G) . See |Kir86a] for the Betti number computation of the moduli space of 
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rank 2 holomorphic vector bundles over a Riemann surface. However, this method 
does not give us any information on the intersection pairing of IH*{M//G) which 
is also an essential topological invariant. 

In this paper, we construct a natural injection 

(1.1) cl>},:IH*{M//G)^H*^{Mn 

under an assumption, named the almost balanced condition fPefinition 15. This 
homomorphism is the right inverse of the Kirwan map above (Proposition 16 . 2|l . 

It is well-known that intersection cohomology is contravariant only for some 
limited classes of maps. One of the most general known conditions for a subanalytic 
map 

between subanalytic pseudo-manifolds to induce a contravariant homomorphism 

r ■.IH*{Y)^IH*{X) 

by pulling back cycles is the placid condition introduced in |GM85j : The map / is 
placid if Y has a stratification such that for each stratum S of Y, we have 

codim S < codim f^^{S). 

With this condition, the pull-back of an allowable cycle is again allowable and hence 
we get the desired homomorphism /*. 

Furthermore, when there is a compact Lie group K acting on X and / is invari- 
ant, we have a homomorphism 

rK:IH*{Y)^IH;,{X) 

under the placid condition because EK x X can be approximated by a sequence 
of finite dimensional pseudo-manifolds (see H2.5|l . 
More generally, if we have 

(1.2) g(codim S) < p(codim f~\S)) 

for some perversities p and q, then the pull-back of cycles gives us a homomorphism 

r :Ih;{y)-^ih;{x). 

We call H1.2|l the {p, q)-p\a,cid condition. 

In our case, M*^ is smooth and hence iJ^(M^*) is isomorphic to the equivariant 
intersection cohomology 

/ff;^(M-) 

for any perversity p. Hence if (j) is (p, m)-placid, we get a homomorphism 

(f>*j^ : IH*{M//G) H^iiM'"). 

Obviously the most general condition is obtained when p is the top perversity t. 
Hence, when is (t, TO)-placid, we obtain the natural homomorphism 1)1.1(1 . 

Because is defined by pulling back cycles, we can deduce that the intersection 
pairing is preserved in the following sense: for a, f3 of complementary degrees in 
IH*{M//G), i.e. dega + deg/3 = dim Af//G, we have 

(1.3) 4>*MyJ4>*K{l3)^{a,(3)c^*K{T) 

where r is the top degree class represented by a point. Hence, we can compute 
the intersection numbers in terms of the cup product structure of the equivariant 
cohomology. 
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By the local model theorem f Lemma 14. II and Proposition 14. 2() from (SL91j . we 
can describe a topological stratification of M'^'' and M//G explicitly and compute 
the codimensions of strata in terms of the weight distributions of the actions of the 
stabilizer subgroups on the symplectic slices. By the results of j£ir84j, we will see 
in that the (t, r7i)-placid condition is in fact a condition on the balancedness of 
the weight distributions. This is our almost balanced condition. 

Suppose now the almost balanced condition is satisfied. Then by and 1)1. 
the middle perversity intersection cohomology of MjjG is completely determined 
as a graded vector space with non-degenerate intersection pairing if we can identify 
the image of in H^iM""). 

In the light of Deligne's construction of intersection cohomology sheaf, it seems 
reasonable to expect that the answer should be obtained by "truncating locally" 
along each stratum. But complications arise when various strata intersect. To 
control the complications, we require that the submanifolds of M fixed by subgroups 
of G also satisfy the almost balanced condition. We call it the weakly balanced 
condition fPefinition I7.1|l . When this condition is satisfied, we can identify the 
image of as a subspace VJj of H'^{lvP^) obtained by truncation. See Definition 
17.51 and 1)7. By computing the dimension of V^j, we get the intersection Betti 
numbers without going through the desingularization process as in (Kir86b , Kir86a]. 
One can furthermore compute the Hodge numbers since both and /c^ preserve 
the Hodge structure. 

The weakly balanced condition is satisfied by many interesting spaces including 
the moduli spaces of holomorphic vector bundles over a Riemann surface for any 
rank and degree. (See Proposition l7.4l ) Also we demonstrate the computations of 
V^j for some standard examples in [j^ 

The layout of this paper is as follows. In section 2, we recall the sheaf theoretic 
definition of intersection cohomology while in section 3 we show that intersection 
cohomology is functorial with respect to (p, g)-placid maps. The stratification of 
a symplectic reduction is discussed in section 4 and the homomorphism (jfj^ is 
constructed in section 5 after defining the almost balanced condition. In section 6 
we recall the Kirwan map and prove that (jfj^ is the right inverse of /c^. In section 
7 we define V^j and state the theorem, which says 

(1.4) (^'k{IH-*{MllG)) = V;,. 

This is proved in section 8 and several examples are computed in section 9. 

The proof of 1)1. 4|l is unfortunately quite lengthy and so I briefly sketch the 
outline. Our proof is by induction on the maximum among the dimensions of 
stabilizers. We first show that 

^],{IH*{M//G))CV;,. 

This is best seen from the sheaf theoretic perspective and we need the full strength 
of the weakly balanced condition for the computation of stalks. 

Next let M be the first blow-up in the partial desingularization process |Kir85j . 
By our induction hypothesis, we have 

rAlH*{M//G)) = 

where (j) ■ ~^ M//G is the GIT quotient map. Then we show there is an 

embedding 

Vlt^V*^^IH*{M/IG). 
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Since the difference between IH*{M //G) and I H* [M // G) conies from a sheaf com- 
plex supported at the exceptional divisor, we will see that the proof reduces to the 
computation for the normal bundle TV to the blow-up center in Af^*. By spectral 
sequence, this further reduces to the computation for the normal space at a point. 
Upon checking this, we complete the proof. 

The main application of the results of this paper is to generalize the theorem of 
Jeffrey and Kirwan |,TK98j about the intersection numbers on the smooth moduli 
spaces of bundles over a Riemann surface. In a joint work with Jeffrey, Kirwan and 
Woolf, we will show that the intersection numbers of the intersection cohomology 
of the singular moduli spaces of bundles over a Riemann surface are given by a 
residue formula similar to that of jJK98j . 

The first version of this paper was written several years ago. There V^j was 
defined and it was shown that the Kirwan map restricted to V^j is an iso- 
morphism onto I H* (M // G) under the weakly balanced condition (Definition 7.2). 
About a year later, in jKW) . we generalized the Kirwan map to symplectic reduc- 
tions and extended the results of this paper to the purely symplectic setting by 
interpreting the first condition of the weakly balanced action as the cosupport ax- 
iom for intersection homology sheaf. After finishing KW , it occurred to us that 
the almost-balanced condition could be most naturally explained in terms of {p, q)- 
placid maps and hence the current paper was revised using this new observation. 
In |Kiej . we showed that the extended moduli spaces defined by L. Jeffrey |Jef94| 
satisfy our assumptions and hence we can compute the intersection cohomology of 
representation spaces of surface groups in terms of the equivariant cohomology. 

Every cohomology group in this paper has complex coefficients. 

Acknov^rledgements. I would like to express my deep gratitude to Professor 
Ronnie Lee for encouragement and advice. I am grateful to Professors Frances 
Kirwan, Lisa Jeffrey and Jon Woolf for useful discussions and crucial comments. 
The referee's suggestions improved the exposition considerably and I wish to thank 
the referee. 

2. Intersection cohomology 

Intersection cohomology was introduced by Goresky and MacPherson in |GM80I 
IGM83j as an invariant of singular spaces which retains useful properties like Poincare 
duality and Lefschetz theorems. In this section we recall the definition and some 
properties that we will use. 

2.1. Topological stratification. An even dimensional topological space X equipped 
with a filtration by even dimensional closed subsets 

(2.1) (X) X = X„ D Xn-2 D • • • D Xo D 

is called a stratified pseudo-manifold if 

• X — Xn~2 is dense 

• for each i, Si — Xi — Xi-2 is a topological manifold of dimension i or empty 

• for each x G Si there are a compact stratified pseudo-manifold 

L = Ln-^-l D ■■■ D LqD(1> 

and a stratum-preserving homeomorphism of a neighborhood of x onto 
X cL where cL — L x [0, oo)/L x 0. 
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In this case, X is called a topological stratification. A pseudo-manifold X of 
dimension n is normal if Hn{X, X — x) = I for any x X. 

2.2. Deligne's construction of intersection cohomology sheaf. Let 

p:{2,3,--- ,n}-.{0,l,2,.-- ,n-2} 

be an increasing function such that q{i) — i — 2 — p{i) is also an increasing nonneg- 
ative function. We call such p a perversity. For instance, 

m{i) = J 

is the middle perversity and t{i) = i — 2 is the top perversity. Given a normal 
stratified pseudo-manifold X with stratification (X), put U2k — X — Xn-2k and 
let j2k ■ U2k ^ U2k+2 dcnotc the inclusion. Then the perversity p intersection 
cohomology IH*(X) of X is the hypercohomology of the sheaf complex defined 
inductively by 

^Cp^x\u2k + 2 - 'T<p{2k)Rj2k*{ICpx\u2k)- 

This defines an object in the derived category D+(X) of bounded below cohomolog- 
ically constructible sheaves, which is independent of the choice of stratification, and 
the intersection cohomology is a homeomorphism invariant jGM83| . If p is the zero 
perversity, i.e. p{i) = 0, then JCp j^- = C and hence IHq{X) is isomorphic to the 
(singular) cohomology H*{X). When p is the top perversity t, XCf x is isomorphic 
to the dualizing complex Dx and thus IHl{X) is isomorphic to the Borel-Moore 
homology i?,fif(X). 

More generally, suppose we have a filtration 

(X') X = D X;_2 D • • • D D 

by even dimensional closed subsets (not necessarily a topological stratification) such 
that 

(1) X — X'^_2 is dense, 

(2) 5,' = X'- — X[_2 is a C-homology manifold of dimension i or empty. 

Let C/^j^ = X - X;_2fe and j^^ : U!^^ ^ U^k+2- Define a sheaf complex Vp x 
inductively by 

'^P,x\u^k+2 — '^<p(2k)Rj2k*i'Pp,x\u^J- 

Definition/Lemma 2.1. If Pp x topologically constructible (see |GM83| p83) 
then Vp X — -^^p x ■ '^'^^^ '^i*^^ filtration ifVp x topologically constructible. 

Proof. It suffices to show that Vp x satisfies [AX2] in |GM83| pl07. The proof is 
exactly same as the proof of Lemma 2 in |GM83| pllO. □ 

For a space X constructed as the GIT quotient of a smooth variety, the decom- 
position by orbit types gives us a topological stratification while the infinitesimal 
orbit types will give us only a nice filtration. See 
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2.3. Geometric chains. Explicitly intersection cohomology can by described in 
terms of geometric chains. Suppose X is a subanalytic pseudo-manifold with sub- 
analytic stratification X ~ {Xi}. For an open subset U let C*{U) be the chain 
complex defined by 

C\U) — {locally finite chains in U of dimension n — i}. 

Note that our indexing scheme is "cohomology superscript" ( |GM83j p98). 
For an open subset U and a perversity p, define a subcomplex of C*(U) by 

IC;{U) = {e e C'iU) I dim(|e| n X^-c nU) <n-i-c + p{c), 

dim(|a$| n X„_c nU) <n-i-l-c + p(c)}. 

This gives rise to a soft sheaf complex which is isomorphic to XCpx- (See §2.1, 
§3.6 |GM83j .') Hence the cohomology of IC*{X) is the perversity p intersection 
cohomology IH*{X). 

2.4. Intersection pairing. If perversities p, q, r satisfy p + q < r, then there is a 
unique morphism 

in D+(X) extending C C C over U2 f |GM83| pll2). This morphism induces 
a homomorphism 

ih;{x) ^ iH'gix) ^ iw+^x). 

For instance ifp = q = r = then this is just the cup product of cohomology 
classes. 

For the middle perversity m, we have m + m < t. Thus if X is normal compact 
connected oriented pseudo-manifold, we have the intersection pairing 

(2.2) IHliX) IWjX) ^ IHl\X) = C 

for i + j ^ n. In terms of geometric chains, this intersection pairing is defined as 
follows: For a,(3 & IH^{X) such that deg(a) -I- deg(/3) = n, we can find repre- 
sentative cycles ^ and a such that they intersect only at finitely many points in 
the smooth part J72, transversely. The intersection pairing (a,/?) of a and (3 is the 
number of intersection points counted with signs as usual. (See §2.3 |GM80| .) 

2.5. Equivariant intersection cohomology. Suppose a compact connected Lie 
group K acts on a pseudo-manifold preserving a topological stratification X = {Xi\ 
f H2.2|l . Let EK be a contractible space on which K acts freely and BK = EK/K. 
Then the closed subsets 

EK XkX, 

form a filtration of Xk ■= EK Xk X. For a perversity p, apply Dcligne's construc- 
tion f ii2.2|l to this filtration to obtain a sheaf complex 20'^ Xk ■ '^^'^ equivariant 
intersection cohomology IH* j^{X) is defined as the hypercohomology of this sheaf 
complex. (See §5.2, §13.4 in jBL94j .) From the fibration Xk BK with fiber X, 
we get a spectral sequence 

H\BK) ® IW(X) ^ IHl+^{X). 

More concretely, choose a smooth classifying sequence (§12 |BL94| ) 



EKq C EKi C EK2 C 
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where EKk is a fc-acyclic free i^T-manifold. Let BKk — EKk/K so that BK = 
hnife^oo BKk- The filtration 

EKk xk X^ 

of EKk X is a topological stratification and thus Deligne's construction gives 
rise to IC'p^^j^^^^x- From the spectral sequences for the fibrations 

X >EKkXKX X >EKxkX 

BKk BK 

we see immediately that 

(2.3) IH;k{X) = lim IH;{EKk XkX) 

because H<''{BKk) = H<''{BK) by Whitehead's theorem. 

3. Placid maps 

Unlike ordinary cohomology, intersection cohomology is contravariant only for a 
limited class of maps. In this section we generalize slightly the concept of placid 
maps due to Goresky and MacPherson and show the functoriality. This will give 
us the right inverse of the Kirwan map. 

3.1. Placid maps. Let f : X ^ Y he a, subanalytic map between subanalytic 
pseudo-manifolds. Suppose Y is compact. 

Definition 3.1. / is called {p, q)-pladd if there is a subanalytic stratification ofY 
such that 

(3.1) g(codim5) <p(codim/~i(S')) 
for each stratum SofY. 

When p ~ q, we recover the original placid maps |GM85| . 

With this definition, Proposition 4.1 in GM85 is modified as follows. 

Proposition 3.2. /// is (p, q)-placid, then the pull-back of generic chains induces 
a homomorphism on intersection cohomology 

(3.2) f* : ih;{y) ^ ih;{x). 

Proof. See p373 in jGM85j for details. Since / is subanalytic, there is a stratification 
of X for which / is a stratified map f |GM83j §1.2). By McCrory's transversality, 
any cohomology class a in IH^{Y) can be represented by a chain ^ which is di- 
mensionally transverse to any stratum in X and the cycle /~^(C) lies in ICp{X) 
because of (|3.1f) . The class f*a is represented by the cycle /^^(O- ^ 

3.2. Pull-back morphism. The homomorphism (13.211 comes from a morphism 

(3.3) /* : IC^^y ^ RfaCp^x 

in the derived category D+(F). 

Suppose X = {^i}"=o (resp. 2} = {Yi}\^Q) is a nice filtration of X (resp. Y). 
Let f : X Y he a, continuous map such that for every connected component S of 
any stratum Yi — 1^-2, f^^{S) is a union of some connected components of strata 
in X and l|3.1|l holds. 
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Over U2 — Y — Y1-2, let /j}^ be the composition of the adjunction morphism 
Rf*f*Cu2 = i?/*C/-i(t/2) with the morphism i?/*C/-i([/2) — > Rf^ICpx\f-^U2) 
from §5.1 |(jM83| . 

Proposition 3.3. There is a unique morphism in T)'^(Y) extending /j}^ . 

We need the foUowing simple lemma to prove the proposition. 

Lemma 3.4. For A G T>+{X), T<gRf*A T<qRf*T<pA ifq<p. 

Proof. Choose an injective resolution X' of A . (See for instance [(ileMaj pl81.) It 
is elementary to find an injective resolution J7' of T<pA such that T'^ = for 
k < p. Then Rf^,A — is equal to Rf^T<pA = /* J" up to degree p. So we 
proved the lemma. □ 

Proof of Provosition \S.3[ Let U2k = Y — il-2fc and j2k ■ U2k ^ U2k+2- Recall 
from §2.2 that Deligne's construction applied to 2) with perversity q gives us the 
intersection cohomology sheaf TC'q y Suppose we have constructed 

This gives rise to 

^<^q,Y\u2k + 2 - 'T<q(2k)Rj2k-^^Cg Y\u2k ^ T<q{2k)Rj2k*Rf*^Cp x\f-HU2k) 
= 'r<q(2k)Rf*Ri2k*ICp.x\f-l{U2^,) 
— '''<q{2k)Rf*T<q{2k)Ri2k*ICpx\f-l{U2k) 

by Lemma EH where i2k ■ /"^(C^2fe) ^ /"^(C^2fe+2) since j2k°f = f°i2k- We claim 

T<q(2k)Ri2k*ICpx\f-^U2k) - '^<q(2k)ICp x\f-HU2k+2)- 

For simplicity, suppose f^^{U2k+2) — /^^(C^2fe) consists of only one connected 
stratum S. Then 

^Cp.x\f-i(U2k+2) - ^|p(codimS)^*2fc»ICp,x|/-i(C/20 

where r^^ is the "truncation over a closed subset functor" (see §1.14 |GM83j ). In 
particular, 

T<q{2k)ICp^x\f-^U2k+2) - 7-<g(2fc)T|^j^^^.^^^^ffi2fe*2:Cp,x|/-l((72,) 

— T<,q{2k)Ri2k*1Cp,x\f--^{U2k) 

because q{2k) < p(codim S). When there are more than one strata in f~^{U2k+2) ~ 
f~^{U2k) we simply repeat the argument for each stratum in the order of increasing 
codimension. Hence we get a morphism 

^Cq,Y\u2k+2 T<q(^2k)Rf*T<q{2k)^Cpx\f-^U2k+2) 

= T<q{2k)Rf*1Cpx\f-HU2k+2) ^ Rf*^'^p.x\f-HU2k+2)- 

Uniqueness is an elementary exercise. □ 
By taking hypercohomology, the morphism H3.3|l induces a homomorphism 

ih;{y)^ih;{x). 

Suppose / is subanalytic and 2} is a subanalytic stratification. Note that an in- 
tersection CT^le^ is completely determined by its intersection with the open dense 
stratum ( \B+M\ plO) and over U2 (|3.3(l is just the adjunction. If we use the sheaf 
complexes by geometric chains f ti2.3|l for XCp x and XCq y, the induced homomor- 
phism sends the class [£] G IH*{Y), which is represented by a chain ^ dimensionally 
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transverse to any stratum of X, to [/^^(Ol- In. other words, the induced homo- 
morphism is exactly the homomorphism H3.2|l . 

3.3. Equivariant case. Suppose a compact connected Lie group K acts on X 
preserving a nice fihration X = {Xi}"^g. Dehgne's construction with the filtration 
{EK X K Xi] and perversity p gives usXCp^^ vaTi^ {Xk) whose hypercohomology 
is7FpV(X). 

Let F be a compact pseudo-manifold with a nice filtration 2} = Let 
/ : X — > y be an invariant continuous map such that for any connected component 
5 of a stratum, f~^{S) is a union of some connected components of strata in X 
and lEU holds. 

Then the proof of Proposition 13. 31 gives us a morphism 

(3.4) IC'q Y RJk^IC'p Xk 

where ■ Xk = EK Xk X —>Y is the obvious map induced from /. So we have 
a homomorphism 

(3.5) rK--iH;{Y)^iH;^K{x). 

Similarly, we have a morphism 

where fk '■ EKk x x X ^ Y and a homomorphism 

/,* : IH;{Y) ^ IH;{EKk xkX). 
From the commutative diagram 

EKk XkX ^^EK XkX 
Y 

we see that the composition 

ih;{y) -Jh ih;k{x) iH;{EKk xkX) 

is fk since iklCp Xk ~ -^^p ek^xkX construction. Hence {/^} determine 
because of H2.3|) . 

3.4. /* preserves the intersection pairing. Our interest Hes in the case where 
X is a smooth analytic manifold with an action by a compact connected Lie 
group K and f : X ^ Y is invariant. In particular we wish to relate the mid- 
dle perversity intersection cohomology IH^iY) with the equivariant cohomology 
H^iX) = H*{EK Xk X). From now on when using middle perversity, we will 
drop the subscript m for convenience. 

Suppose X is smooth. Then since intersection cohomology is independent of 
stratification, IH*{X) = H*{X) for any perversity p and hence for any (p, m)-placid 
subanalytic map / we have a homomorphism /* : IH*{Y) — > H*{X). Obviously 
(t, m)-placid condition is most general for us to get such a homomorphism. 

If furthermore K acts on X preserving a subanalytic stratification X for which 
/ is (t, m)-placid stratified map with a stratification 2} of Y ^ we have a morphism 

Ik ■ 'IC'y R/k^Cxk 
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and the induced homomorphism 

Proposition 3.5. Let f : X Y be a (t, m)-placid map. Suppose X is smooth and 

Y is compact connected normal oriented. Let r be the top degree class represented 
by a point in the smooth part. Then the induced map f* : LH*(Y) H*{X) 
preserves the intersection pairing in the sense that 

(3.6) r(a)U /*(/?) = (a, /3)r(T) 

for any a, /3 £ IH*{Y) of complementary degrees. Ln the equivariant case, the same 
is true for f^ : IH*{Y) H*j^{X). 

Proof. Recall from H2.4I that a and (3 are represented by intersection cycles ^ and 
(T that intersect only at finitely many points in the smooth part. In this case, 
^ n (7 e IC'^(Y) represents {a,P)T G IH^{Y). By McCrory's transversality result 
we can further assume that ^ and a are dimensionally transverse to each stratum 
in X so that f*a and f*(i are represented by f~^{£,) and f~^{a). Because X is 
smooth, the complex C' of geometric chains is isomorphic to the constant sheaf 
Cx and the cup product is just the intersection of chains. Hence the cup product 
/*(a) U/*(/3) is represented by f~^{Orif~^{cr) = f~^{^ Ha) which also represents 
(a,/3)/*(T). So we proved 

For the equivariant case, observe that the statement is true for fk : EKk XkX ^ 

Y for any k since EK^XxX is a finite dimensional manifold. If we take a sufficiently 
large k, then H^\X) ^ H^\EKk Xk X) and = where I = dimF. So we 
are done. □ 

Corollary 3.6. Suppose furthermore f*{T) ^ in H*{X). Then f* : LH*{Y) 
H*{X) is injective and the intersection pairing is given by the cup product structure 
of H*{X). A similar result is true for the equivariant case. 

Proof. The result follows from ProDOsition l3.5l since the intersection pairing is non- 
degenerate for IH*{Y). □ 

4. Symplectic reduction 

Let {M, oj) be a connected Hamiltonian ii'-space with proper moment map 
H : M ^ t* where 6 = Lie{K). Then the symplectic reduction X = ^~^{0)/K, 
which we denote by M//K, is in general a pseudomanifold, whose strata are sym- 
plectic manifolds. In this section, we describe the orbit type stratification and the 
infinitesimal orbit type decomposition of X from |SL91I lMS99| . 

4.1. Stratification of X. Let Z = /^~^(0) and Z(h) ^ {x e Z | Stab(x) G (H)} 
for a subgroup H of K, where {H) denotes the conjugacy class of H. Also, let 
ZH^{xeZ\ Stah{x) = H}. Then 

(4.1) Z = □ Z^H) 

and Z( ff) = K Xj^h Zh where A'^^ is the normalizer of H in K. This decomposition 
induces a stratification 

(4.2) X=\J X(H) 
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where X^h) = Z(h)/K - Zh/N". 

For X £ Zh, consider the symplectic slice 

(4.3) T,{Kx)^- /T,{Kx) 

and let W be the symplectic complement of the i7-fixed point set in the slice. We 
recall the following result from |SL91j Lemma 7.1. 

Lemma 4.1. There exists a neighborhood of the submanifold Z(^jj^ of M that is 
symplectically and K-equivariantly diffeomorphic to a neighborhood of the zero sec- 
tion of a vector bundle M ^(h) ■ The space N is a symplectic fiber bundle over 
the stratum X(^h) 

with fiber F given by 

F = KxH{mr xw). 

In particular, for any x £ Zh, there is a neighborhood of the orbit Kx that is 
equivariantly diffeomorphic to F x R'i'"^^(«). 

Now the reduction of TV is homeomorphic to a neighborhood of X(^h) in X- The 
principle of reduction in stages gives us the following. 

Proposition 4.2. /" |SL91j 7.4) Given a stratum X(^h) of X , there exists a fiber 
bundle over ^(i/) with typical fiber being the cone W// H such that a neighborhood 
of the vertex section of this bundle is symplectically diffeomorphic to a neighborhood 
of the stratum inside X . 

Consequently, gives us a topological stratification of X. This is called 

the orbit type stratification. 

4.2. Stratification of M'*'*. Let M'"^ denote the open subset of elements in M 
whose gradient flow for / — — has a limit point in Z and put r : M^* Z 
denote the retraction by the flow. 
Let <j) be the composition 

(4.4) M'" Z ^ Z/K = X 

of the retraction r and the quotient map. Let us call it the symplectic quotient 
map. The inverse image (j)~^(X(^H)) of the stratum X^h) is diffeomorphic to a sub- 
fiber bundle of M in Lemma f4 . 1 1 with typical fiber K Xh ((V))* ^ (*)) where 
(f>w '■ W W//H is the symplectic quotient map for W and * = (f>w{0) is the vertex 
of the cone W// H . If we assign a complex structure, compatible with the symplectic 
structure, it is well-known that 4>^{*) is the affine cone over ¥W — VW^"^ where 
the superscript ss denotes the semistable set defined by Mumford 'MFK94 . Hence, 
the affine cones over the unstable strata of TW minus 0, together with {0}, give 
us a stratification of (t)^^{X(^u)) via the diffeomorphism in Lemma l4.ll Observe 
that M^** is diffeomorphic to a neighborhood of Z by the gradient fiow of — l/xp. 
Since the diffeomorphism in Lemma 14.11 is ii'-equivariant and the stratification of 
(f>^^{X(^H)) is completely determined by the group action, we get a K-invariant 
stratification of A'F^ for which (/> : M^^ ^ X is stratified. 

See (Kir94) for a description of the above stratification for GIT quotients and an 
application to the Atiyah-Jones conjecture. 
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4.3. Infinitesimal orbit type decomposition. There is another way to decom- 
pose X which is useful for partial desingularization. For a Lie subalgebra f) of 6, let 
Z(, = {a; e Z I LieStab(a;) — \)} and 

= {xeZ\ LieStab(a;) e (())} 

where (f)) is the conjugacy class of f). Let X^^^-^ — Z^^^-^/K. Then we have a decom- 
position 

(1)) 

This is called the infinitesimal orbit type decomposition of X. From |MS99| §3, 
Xffi) are just orbifolds and thus homology manifolds. If we use the local normal 
form in |MS99j §3.1, it is elementary to show that Deligne's construction for this 
decomposition gives us a topologically constructible sheaf complex with respect to 
the orbit type stratification. This fact will not be used in this paper so we leave 
the details to the reader. 

5. Almost-balanced action 

We use the notations of the previous section. We assume that there is at least 
one point in Z = /i~^(0) with finite stabilizer. 

5.1. Placid maps for symplectic quotients. With the orbit type stratification, 
(f>^^{X(^H)) is a fiber bundle over X(^h) with fiber K Xh ((V^))* ^ "^vk (*)) and hence 

codim M== 4>^^{X(^H)) = codim (/>vk(*)- 

On the other hand, 

codim X = dimW//H 
by Proposition 14.21 Recall that the map (p : A/*"* ^ X is {t, m)-placid if 

i(codimA./aa (j)^^{X(^H))) > m(codimx ^(h)) 

or equivalently 

codim w 4>w (*) - 2 > ^ dim W//H - 1. 
Hence </> is (t, r7i)-placid if and only if 

(5.1) codivsiw (kw 

(*) > - dim W/IH 

for each [H). 

The unstable strata of PM^ by the norm square of the moment map can be de- 
scribed using the weights of the maximal torus action, as follows: For any collection 
of weights of the maximal torus action, we consider the convex hull of them and 
get the closest point from the origin to the hull. Let B be the set of such closest 
points in the positive Weyl chamber. Then the unstable strata are in one-to-one 
correspondence with the set B. (See |Kir84| . ) 

For each (3 & B, let n(/3) denote the number of weights a such that (a, /3) < (3). 
Then Kirwan proved in |Kir84j that the codimension of the stratum corresponding 
to /? G ,B is precisely 

2n(/3) -dimiJ/Stab/3 



INTERSECTION COHOMOLOGY OF QUOTIENTS OF NONSINGULAR VARIETIES 13 



where Stab/3 is the stabihzer of /3 in H . Therefore, the (t, m)-placid condition is 
equivalent to 

(5.2) 2n{(3) ~ dim i7/Stab/3 > i (dim W -2 dim H) 
for each (3 ^ B. In particular, this condition is satisfied when 

2r^(/3) > idimPF 

for all (3. For example, if the set of weights is symmetric with respect to the origin, 
the above is satisfied . This is the case for the moduli spaces of vector bundles over 
a Riemann surface. (See Proposition [^3) 

When K — U{1) acts on M = P" linearly and if n+, no, n_ denote the number 
of positive, zero, negative weights respectively, then the condition (|5.2|l is satisfied 
if and only if — Hence the (t, TO)-placid condition may be viewed as a 

condition on "balancedness of weights" . 

Definition 5.1. jKW| The action on M is said to be almost balanced if the con- 
dition 1^5.^) is satisfied for all (3 and (H) . 

Remark 5.2. By (|5.1|l . if almost balanced, we have an isomorphism 

where uh = dim W//H = i dim W — dim H. This is an easy consequence of the 
Gysin sequence (applied stratum by stratum) because (j^wi*) stratified. 

5.2. Almost-balanced action and GIT quotient. We recall the following well- 
known facts from .Kir84. : The obvious action of U{n + 1) on P" is Hamiltonian 
with moment map /xp™. When M C P" is a smooth projective variety and K acts 
on M via a homomorphism K —^ U{n + 1), the composition 

fi : AfC > P" — u(n + 1)* > r 

is the moment map for M and the set of semistable points in M is equal to the 
minimal Morse stratum M*'' for The GIT quotient M//G of M is home- 

omorphic to the symplectic reduction M//K and the symplectic quotient map 
<j) : M** — > M//K is the GIT quotient map. Since we are interested in topology, we 
will not distinguish symplectic quotients from GIT quotients. 

Theorem 5.3. Let M C P" be a smooth projective variety acted on by a compact 
connected Lie group K via a homomorphism K — > [/(n-|- 1). Suppose the I'C action 
is almost balanced and there is at least one point in Z with finite stabilizer. Then 
we have a natural map 

(5.3) : LH*{X) H*j^{Ar') ^ H*k{Z) 

of the middle perversity intersection cohomology of X — ^^^{0)/K into the K- 
equivariant cohomology of M^'^ . Moreover, is injective and the intersection 
pairing of LH*{X) is given by the cup product of H'j^{Z) from the formula 

where r is the class in LH'^^™^ {X) represented by a point. 
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Proof. Certainly the GIT quotient map is subanalytic and the stratification of A/'"* 
in i l4.2l is A'-invariant. The almost balanced condition is equivalent to the {t,m)- 
placid condition and hence we have 

: IH*{X) -> H*k{M'') ^ H*k{Z) 

by Proposition 51 For injectivity and intersection pairing, it suffices to show that 
(r) is nonzero in H^{Z) by Corollary 13. 61 

Let S denote the set of points in Z whose stabilizer is not finite. According to 
|MS99j §4, there is an equivariant proper map ii : Z ^ Z such that t^\t,:-'^{z-t.) is 
a homeomorphism and the stabilizer of every point in Z is a finite group. Thus 
H*^{Z) = H*{Z/K). 

Let X" = [Z — '^)/K and consider the commutative diagram of natural maps 

HAivaX(^2/K) - ) 

where the subscript c denotes compact support. The class r is the image of a 
nonzero class in and hence it follows from the above diagram that 

(r) is nonzero. □ 

Remark 5.4. Recall that 1)5. 3|l comes from a morphism (|3.4(l in the derived cat- 
egory D+(X) of bounded below cohomologically constructible sheaves over X be- 
cause 4) : M'^^ X is {t, m)-placid. In particular, for any open subset U C X 
we get a map (p}^ : IH*{U) iJ^-(0^^(C/)) and it is functorial with respect to 
restrictions. 

6. The Kirwan map 

In this section, we recall the definition of the Kirwan map from |Kir86bj and 
show that it is a left inverse of the pull-back homomorphism (f>*j^ . 

Let M C P" be a connected nonsingular projective variety acted on linearly by 
a connected reductive group G via a homomorphism G GL{n -1-1). We may 
assume that the maximal compact subgroup K oi G = acts unitarily possibly 
after conjugation. Let /i : P" ^ u{n + 1)* i* be the moment map for the action 
of K. Then M"" = M n (P")"^ retracts onto Z := fi'^ {0) n M hy the gradient flow 
of — and the GIT quotient M//G is homeomorphic to the symplectic quotient 
M//K ^ M n ^l-^{Q)/K X. 

6.1. Definition of the Kirwan map. In order to define the Kirwan map, we 
assume that there is at least one stable point in M , which amounts to saying that 
there is at least one point in Z whose stabilizer is finite. 
We quote the following definitions from (Kir85,. 

Definition 6.1. (1) Let TZ{M) be a set of representatives of the conjugacy 
classes of identity components of all subgroups of K which appear as the 
stabilizer of some point x G Z = /i^^(O). 

(2) Let Mff denote the set of those x e M-'" fixed by H e n{M). 

(3) Let r{M) = max{dimir| H G 7^(M)}. 
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Of course, Mff is a smooth complex manifold. 

The definition of the Kirwan map is by induction on r(M). When r(M) — 0, 
the action of K is locally free and X is an orbifold. Thus IC'x = 'Cx- The pull- 
back morphism in this case is equal to the adjunction morphism Cx — > R(t>K*C 
which is an isomorphism by jBL94| Theorem 9.1 (ii). The Kirwan map is defined 
as the hypercohomology 

>,fr-H*K{Mn^iH*{x) 

of the inverse R(f>K^,'C Cx — IC'x of 

Now suppose r{M) > 0. Let tt : M ^ M"^ be the blow-up of M** along the 
submanifold 

U G^H- 

dim H=r{M) 

If we choose a suitable linearization M, the semistable points in the closure of M all 
lie in M and r(M) < r{M). Let X = M//G and : M'^ X he the GIT quotient 
map. If we keep blowing up in this fashion, we get a quasi-projective variety M"* 
birational to M whose quotient X has only finite quotient singularities. This is 
called the partial desingularization of X. See |Kir85 | for details. 
We have the following commutative diagram 

(6.1) M'"'^—^ M — ^ M"" 




Since the GIT quotient X is the categorical quotient of A/*"*, a is defined uniquely 
by the universal property of the categorical quotient. (Recall that GIT quotients 
are categorical quotients |MFK94) .') 

Inductively, we may suppose that we have a morphism 

>i'?j:R{4>K)*C-^IC^. 

Then we have a morphism 

(6.2) R(t)Kt:RT^K*C RcPk^Rt^k^Rik*^ = i?cr*i?(0/f )*C RaJC'-^ 

by composing the above with the adjunction morphism C — » Rik^^kC ~ Rik*C, 
where ttk ■ EK M EK x ^ is the induced map from tt and ik is defined 
similarly. This induces a homomorphism 

(6.3) o iK* : H*k{M) ^ H*j,{AP') ^ IH*{M//G). 
Next, compose (|6.2|) with the adjunction morphism 

R4'K*C R<j)K^RTTK*'n'*K^ R<j)K*R'^K*C 

to get a morphism 

(6.4) R(t>K^C RaaC^. 
By |Kir85j §3, X is just the blow-up of X along 

□ GMHI/G. 

dim ff=r(M) 
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In particular, a is proper and hence we can apply the decomposition theorem of 
Beilinson, Bernstein, Deligne and Gabber in jBBD82j which says 

(6.5) RaJiC^ = ICx ® ^' 

where T' is a sheaf complex supported on the blow-up center. Therefore, we have 
a morphism 

(6.6) Ra^IC^ ICx 

whose kernel is J- ' . 

The composition of ()6.4|l with (|6.6(l is the desired morphism 

which induces a homomorphism 

for an open set !7 in X. This is denoted also by by abuse of notations and 
called the Kirwan map. 

6.2. The pull-back is a right inverse. From SjSl when the K action on M is 
almost balanced we have a morphism 

This induces a homomorphism 

IH*{U)^H*i,{r\U)) 

for any open set U m. X which we also denote by by abuse of notations. The 
Kirwan map is a left inverse of 4>*k- 

Proposition 6.2. o (f)*^^ = 1. 

Proof. We know both (/)|^ and k|| come from morphisms in the derived category 
D^(X). If we compose them, we get a morphism 

ICx^R4>K,C^ICx. 

On the set of stable points A'P in M^^ , the action of K is locally free (i.e. the 
stabilizers are finite groups). Let = (f){lvP) which is an orbifold. Then |x= 
is the adjunction morphism 

which is an isomorphism by |BL94| Theorem 9.1 (ii) again, and K^f |x= is its inverse 
by definition since X'^ is untouched by the blow-ups in the partial desingularization 
process. Therefore, ° 4'*k\x' is the identity. 

It is well-known f |B+84) . V §9) that a morphism IC'x ^ ^C'x which restricts 
to the identity over the smooth part (that is obviously contained in X^) is unique. 
Therefore, o (f)*^ = 1. □ 

In particular, is injective and k|| is surjective. 

7. The image of 

In this section, we identify the image of (jfj^ with a naturally defined subspace 
VIj C i?^(Af*'') under a slightly stronger assumption than almost balanced condi- 
tion. 
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7.1. Weakly-balanced action. Let us make precise our assumption. We use the 
notations of Hfi.ll 

Definition 7.1. Let M C P" be a projective variety with an action of a compact 
Lie group K via a homomorphism K — > U{n + 1). We say the K action on M is 
weakly balanced if it is almost balanced and so is the / H action on the H -fixed 
submanifold Mh for each H G TZ{M), where is the normalizer of H in K. 

For practical application, the foUowing 2-step equivalent definition is more useful. 
RecaU that G is the complexification of K which acts on ill via a homomorphism 
G^GL{n+l). 

Definition 7.2. (1) Suppose a nontrivial compact group H acts on a vector 
space W unitarily. Using the notations o/ij31 the action is said to be weakly 
linearly balanced if 

(7.1) 2n{(3) - dimi//Stab/3 > i (dim - 2 dim ) 

for every /3 G S. 

(2) The K -action on M is said to be weakly balanced if for each H £ TZ{M) 
and for a point x G /x~^(0) with LieStab(a;) = Liei?, the linear action 
of H on the normal space Mx to GMff is weakly linearly balanced and so 
is the action of {H D N^)/L on the L-fixed linear subspace Mx,l for each 
connected subgroup L of H whose conjugate appears in TZ{M). 

Lemma 7.3. The two definitions \7.1\ and \7.S\ are equivalent. 

Proof. Let x G /x^^(O) and P = Stab(a;). Let L be the identity component of P. 
By Lemma l4.ll a neighborhood of Kx is equivariantly diffeomorphic to 

K Xp iit/p)* XW)X MdimX(p) 

for some symplectic P-vector space W. Let us call W the normal slice at x. 

Since P/L is discrete, P C and P acts on the L-fixed subspace of W. 
By direct computation, one can check that M£* in this neighborhood is 

Xp {{n^/py X W^) X W^^'^'^in 

and hence GMf^^ is 

K Xp ((Vp)* X W^) X Rd™-^(p) 

where (resp. p) is the Lie algebra of iV^ (resp. P). Therefore the normal space 
Mx to GMff is the orthogonal complement of in W. 

If a; is a generic point in Mff n ^~^(0) such that P is minimal among those 
containing L, then Afx = W. Suppose the if-action on M is almost balanced, i.e. 
the action of Stab(a;) on the normal slice at a; is weakly linearly balanced for all 
X G /x~^(0). Then by choosing a generic x for each L G TZ{M), we deduce that the 
action of L on the normal space Afx = to GMf^^ is weakly linearly balanced. 

In general, we only have Mx C W . But L acts trivially on Mx H W and hence 
the weights of the maximal torus action on Mx H W are all zero. By examining 
the inequality (|7.1(l it is easy to see that if the L-action on Nx is weakly linearly 
balanced then so is the P action on W . Therefore, if for each L G TZ{M) the 
action of L on the normal space to GMff at a generic point x G with 
LieStab(a;) = Lie(L) is weakly linearly balanced, then the action of Stab(a;) on the 
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normal slice at x is weakly linearly balanced for all a; £ ^(0), i-e. the i^T-action 
on M is almost balanced. 

Now let J e 7^(M) and suppose x G Mf n ^^"^(0). Then L D J. Using 
Lemma lS. 21 which is purely a group theoretic result, it is direct to check that in the 
neighborhood of Kx, A4y is 

= N-'/J Xpr^NJ/j ((n-Vp n n-'')* x W'^) x Rd™-^(p) 

See the proof of Proposition 18 . 41 for a similar computation. 

If Stab(a::) is minimal with LieStab(a;) = LieL so that Mx — W, then the J-fixed 
sets Afx,j and W"' are isomorphic. In general, we only have Mx,j C W"^ . But by the 
arguments in the previous paragraphs, we deduce that the action of N"^ /J on AIj 
is almost balanced if and only if the action of L fl N'' /J on JVx.j is weakly linearly 
balanced for x G /i^^(O) with LieStab(a;) — LieL for all L D J. So we proved the 
lemma. □ 

The weakly balanced condition is satisfied by many interesting spaces including 
the diagonal SL{2) action on (pi)^". (See §9.) Also, it is satisfied by (the GIT 
construction of) the moduli spaces of holomorphic vector bundles over a Riemann 
surface of any rank and any degree. For the next proposition, let us use Definition 

Proposition 7.4. Let M{n, d) be the moduli space of rank n holomorphic vector 
bundles of degree d > n{2g — 1) over a Riemann surface E of genus g, which is 
a GIT quotient of a nonsingular quasiprojective variety fH(n, d)'*'' by G = SL{p) 
forp = d- n{g - 1). (See |New78l IEi?H6a| . ) The action of Sl[p) on d\{n,dY'' is 
weakly balanced. 

Proof. Let i? be a semistable vector bundle such that E = miEi © • • -(DmsEs where 
Ei^s are non-isomorphic stable bundles with the same slope. Then the identity 
component of Stabi? in G is — S{Yl''^^i GL{mi)) where S denotes the subset 
of elements whose determinant is 1. The normal space to GAff at E is r |AB82l 

ffi(S, End'^E) = Fi(E, ©ij (m,TOj - 6,j)Hom{E„ Ej)) 
= ®iji?i(S, (m^TOj - S,j)E* (g) Ej) 

More precisely, 

Hi(E, End'(^E) = ©i<j[i/i(E, E* ® E^) ® Hom{<C"'^ 
®H^{Y., E, ® E*) ® Hom{U^^ , 
®[®iH^{j:,EndE,) (g) sl{mi)] 

Because Ei is not isomorphic to Ej for i ^ j, i?"(E, E*'g)Ej) = = H"(E, Ei®E*) 
and thus 

dimi/i(E,£:* ® Ej) = -RR{J:,E* (g) Ej) = {rank E,){rank Ej){g - 1) 
= -i?i?(E, E, (g> E*) = dimi/i(E, Ei ® E*) 

where RR denotes the Riemann-Roch number. Therefore, the weights of the repre- 
sentation of on H^il^, End'^E) are symmetric with respect to the origin. This 
implies that the action is weakly linearly balanced. As each subgroup L"' as in 
Definition 101(2) is conjugate to ^(ni^i GL(to-)) for a "subdivision" {m'i,m2, ...) 



INTERSECTION COHOMOLOGY OF QUOTIENTS OF NONSINGULAR VARIETIES 19 

of {mi, 1712, ■■■), it is easy to check that such H n N-^ /L action on the L-fixed point 
set is also weakly linearly balanced. □ 

7.2. The image of the pull-back homomorphism. For any H e TZ{M), con- 
sider the natural map (sometimes called the "resolution" ) 

(7.2) K x^H M^^ ^ KM'ff 

and the corresponding map on the cohomology ( |Kir86a) Lemma 1.21) 

(7.3) H},{KAP^) ^ H*^{Kx^HMlf) - H*^H{Am = [H*^h ^h(Mh)<»H*hV°''" 

where is the identity component of . For any ( e H'^{M^'') let C,\Ky.^HMff 
denote the image of C by the composition of the above map with the restriction 
map H'^{M'"') H^{KMff ). Now, we can describe the image of 4)*j^. 

Definition 7.5. Put uh = ^codim GMIf - dimiJ and i?<"" = ®t<n„H\j. We 
define V^j as the set of £ H^{M'^'^) such that 

(7.4) Ckx„«M|,= e H*^H,HiMI!) ® H<^'' 
for each H G n{M). 

Remark 7.6. The definition of is independent of the choices of Hs in the 
conjugacy classes and the tensor product expressions: The former is easy to check 
by translating hy g if H is replaced by gHg~^. The latter can be immediately 
seen by considering the gradation of the degenerating spectral sequence for the 
cohomology of the fibration 

{ENi' xENi'/H)x^HMIi 

(7.5) 

ENi'/Hx^H/H Ml! 

The fiber is homotopically equivalent to BH. (See jKir86aj Lemmal.21.) Though 
the last isomorphism in (|7.3|l is not canonical, the subspace in (|7.4() is canonical. 

From 17.4|l . we have 

(7.6) F;, = Kerlij;^(Af-)-. i/;,^^/^(M^^) 

\ Hen(M) 

and thus V^i can be thought of as a subset of H^^lIvP^) ^ HI^{Z), obtained by 
"truncating locally" . 

Now we can state the main theorem of the section which will be proved in the 
next section. 

Theorem 7.7. Let M C P" be a projective smooth variety acted on unitarily by a 
compact connected group K with at least one stable point. Suppose that the weakly 
balanced condition is satisfied. Then we have (j)*j^{IH*{X)) — V^j. Moreover, for 
any open set U of X, if we define C 7?^((/)~^([/)) as in Definition \'l.5\ then 

we have (p*j,{IH*{U)) = V;^^^^y 
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8. Proof of Theorem 17.71 

This section is devoted to a proof of Theorem 17.71 Let us use the notations of 
Eland 371 Reeah that 

(8.1) r := r{M) = max{dimiJ | H G 7^(M)}. 

Our proof is by induction on r{M). 

When r = 0, we have nothing to prove since 

yti = H*k{M"') ^ IH*{M//G). 

So we consider the case r > 0. Suppose the theorem is true for all projective 
varieties T with r(T) < r — 1. Let M be the blowup of M'^^ along the submanifold 

dim H—r 

Then from |Kir85| §6, we have 

TZ{M) = {H e n{M) I dimi? < r - 1} 

and thus r{M) < r — 1. 

For simplicity, we assume from now on that there exists only one H such that 
dim_ff = r. (The general case is no more difficult except for repetition. We can 
deal with each H one by one. See |Kir85j . Cor. 8. 3.) We fix this H once and for all 
till the end of this section. 

Remark 8.1. (1) To be precise, we have to take the closure of M with respect to a 
suitable linearization described in |Kir85| and then resolve the possible singularities. 
But as argued in |Kir85| . this does not cause any trouble for us because all the 
semistable points are contained in M and we are only interested in the semistable 
points. 

(2) By |Kir86bj 1.6, for L G 7^(M), the L-fixed set in M'*" is the proper 
transform of the L-fixed set M£* in M^^ . In particular, the normal space to GMff 
in M^" at a generic point is isomorphic to the normal space to GMl" in M'"* at a 
generic point. Notice that the weakly balanced condition in Definition [^| is purely 
about the actions of L on the normal spaces N'x to GMl^ for L G TZ{M). (The 
fixed set by a subgroup of L is determined by the action of L.) Therefore, if the 
if-action on Af"* is weakly balanced, the action on M is also weakly balanced. 

By our induction hypothesis, (t>*j^{I H* {M // G)) = V^^ and the same holds for any 

open subset oi X — M //G. 

We start the proof with a few lemmas. 

Lemma 8.2. /^ )Kir8fl| Proposition 8.10) Suppose L <Z P are compact subgroups of 
K and L is connected. Then there exist finitely many elements fci, /c2, • ■ • , A:™ in K 
such that 

{k e K\k-^Lk C P} = \_\ N^kiP 

1 < i < m 

where is the normalizer of L in K. 

Proof. See the proof of |Kir85j p77. □ 
Let E be the exceptional divisor in Af of the blow-up. 
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Lemma 8.3. By restriction, we have an isomorphism 

Ker (h*k{M) ^ HUM^) = Ker {H}^{E) H*^{En) ■ 
Proof. This follows from |Kir85| 7.5, 7.6 and 7.11. □ 

We first show that the image of is contained in V^^ . Let U be an open subset 
of X = M//G. 

Proposition 8.4. (j>*i^{IH*{U)) C V*_,^^y 

Proof. Recall that EQ denotes a contractible free G-space for a Lie group Q and 
BQ = EQ/Q. Let L G TZ(M). From the obvious commutative diagram 

{EK X E(N^/L)) x^L Ml" — ^ EK Xk M"" 

4>'l 't'K 

E{N^/L) x^./i Ml" L > X 



we get a morphism 

This induces a morphism by adjunction 

(8.2) RcpK.C ^ RfJ*R(bK,C ^ i?/,r>„^i?0'^,C =: 

The fiber of (/)^ is homotopically equivalent to BL and thus this morphism induces 
the truncation homomorphism 

where Nq is the identity component of N^. By composing H8.2|l with (j>'^, we get 
a morphism 

p : XCx R(pK.<C > Al 

whose hypercohomology gives us 

iH*{u) -> Hur'm ^ [H*^,/^(Mi^nrHu))^H}''-roN\ 

Therefore it suffices to show that p is equal to zero in view of 1)7. 6|) . 

The sheaf complex A)^ is trivial on the complement of the closed subset GMl" //G. 
Hence p is zero on this open dense subset. Hence by adding stratum by stratum in 
the order of increasing codimension, it suffices to show the following: Let P be a 
subgroup of K and consider the stratum X( p) defined in ^ Suppose U is an open 
subset of X containing ^(p) such that [/ — X(p) is open and p\u-X(p^ is equal to 
zero. Then pit/ is also zero. 

Let I : U — X(^p-) ^ U and put np = icodimX(p). Wc claim that 

(8.3) T^npA'i^lu = T<np^«*-4.^|c/-X(j,)- 

This claim enables us to deduce that p\u is zero from p\u-x^p-, being zero because 
p\u is the composition 

IC'xlu — > 'T^npRi*XCx\u-X^p-, — > T^npR^*Al^\u-X^p) — r^npAj^lu >-^lI(7 

which is zero. 
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Let US now prove (|8.3|l . If L is not conjugate to a subgroup of P, then -'^(p) does 
not intersect with GMff //G and thus we have nothing to prove. So we may assume 
L C P after conjugation if necessary. 

Consider the commutative diagram 

Ml< ^ !■ M'' 

q tp 

Miy/N^ — S M//K = X 

where h is the unique map defined by the universal property of the categorical 
quotient Ml^f/N^ of M£^ 

We compute the stalk cohomology of both sides of H8.3|l . By Lemma [4.11 the 
preimage of a contractible neighborhood A of a point in X( p) by (f) is equivariantly 
homeomorphic to 

(8.4) X Xp ((t/p)* X T4^) X M'^""^!^) 

for some symplectic P- vector space W. By Lemma [8.21 it is direct to check that 
in this neighborhood is 

(8.5) y hN^' xpnjv^. ((n^Vpnn^')* x W^^) x Mdimx,p, 

1 < i < m 

where Li = k~^Lki and W^^ is the P^-fixed subspace of W . Also denotes the 
Lie algebra of . 

If we delete ^(p) from the neighborhood A, then the preimage by (j) is 

K Xp ((t/p)* x{W - 0^y^(*))) X K'^^^t^) 

where (pw : W W//P is the GIT quotient map and * is the vertex of the cone 
W//P. The intersection of this with Mff is homeomorphic to 

l<i<m 

Hence the stalk cohomology of the left hand side of (|8.3(1 is 

0^pn^^rA.(w^"')®i?ir 

i 

while the right hand side has 

i 

Thus it suffices to show that 

(8.6) ^pn^ir;,.(w^"') = ^pn^^r^xw^"' - r^^.)). 

Without loss of generality, we may assume Li — L. 
By definition, we have 

(8.7) np = idimM///P = ^dimVF-dimP. 
From (|8.5f) . it is easy to deduce that GMf^^ in the preimage of A is 

(8.8) K Xp ((e/p)* X PcW^) X K'^""-^'^) 



INTERSECTION COHOMOLOGY OF QUOTIENTS OF NONSINGULAR VARIETIES 23 



where Pc is the complexification of P in G and W is assigned a complex structure 
compatible with the symplectic structure. Hence, we have 

(8.9) riL = icodim GMl" - dim L = i (dim W - dim PcW^) - dim L. 

From the surjectivity of the morphism 

Pc^P.nNiW^ ^PcW"^ 

we see that 

(8.10) dimPcW^^ < dimPc + dimM^^ - dini(Pc n N^). 
Comparing (|8.7|l . H8.9(l and H8.in|l . we get 

(8.11) np-nL< idimVF^ -dim(PniV'^/L). 

Since the action of N^/L on A/I" is almost balanced (Remark 15. 2|l . by (|8.11|) we 
have 

(8.12) F<-r;i (w^) = H<Zi-i {w^ - (*)) 

where (j)w^ ■ W^//P n is the GIT quotient map. 

Finally, we observe that 

(8.13) 0^i,(*) = 0-i(*)nW^^. 
This is because we know the following from ' Kir84| : 

(1) For X S W^, X E hmt^ooS^t = where xt is the gradient flow 
for — l/ivi/i P with xq — X {fJ-w^ is the moment map for W^). 

(2) For X G W, X £ 4>wi*) ^ limt^oo Xt = where xt is the gradient flow for 
— l/iVKp with Xq = X {^w is the moment map for W). 

(3) For a moment map /i on a symplectic manifold, the gradient vector at x 
for — l/ip is —2i^{x)x if i is identified with t* by the Killing form. 

(4) fJ,w{x) G if a; e and hence fiw{x) — f^w^ i^)- 
(ESI) follows from |5T^ and (jgl^ . 

□ 

We need a few more lemmas. 
Lemma 8.5. Consider the diagram l^ff.l}} in ^ff.R The restriction to V^j of 

factors through and is injective. A similar statement is true for <p~^(U) where 
U is any open set in X . 

Proof. Let C be a nonzero element in V^j. Then 

Ckx„,Mr e [i/;^./^(Mr)®i/<"^]^"^' 

for each L e 7^(M). Its image in i?;^(Af'"*) satisfies 
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for each L e 7^(Af) = {L £ 7^(A/)| dimi < r(M)}. This foUows from the commu- 
tative diagram 



Therefore, C is mapped to an element in V^^. 

Recall that H is the identity component of a stabilizer which has the maximal 
dimension r{M) and the blowup center is the submanifold GM^. Since ttJ^ is an 
injection by the well-known argument in jGH94| p605, we may think of C as an 
element of H^{M). By Lemma lO if ClcMff = i.e. C\e = 0, then Cl^.a 7^ 0. 

Let us now consider the case when ClcMff 7^ 0. Since H is maximal, we have an 
isomorphism 

By the definition of V^j, CI ga/|/ lies in 

(8.14) [H*{MI^//N^) ® i/<"«]'^oiv« 
and we have 

(8.15) H*k{E'') ^ [H*{Mli//N^) ® H*HiFM^')r'^" 

from |Kir86b| Lemma 1.16 where JVx is the normal space to GM^f. Because the 
if-action is almost balanced, the codimensions of the unstable strata in VJ\fx are 
greater than nn by H5.2|l . Therefore, by the equi variant Morse theory jKir84| . we 
deduce that the restriction homomorphism 

i?<"«(PA4) -> i/^"«(PA/;"") 

is an isomorphism. In particular, H^^" injects into i?^"" (PA/"**). By H8.15|l and 
(|8.14|l . the image of C in H^{E'"') is not zero and thus C injects into H^{AF''). 

It is obvious from our proof that the statement is true for any open set U in 
X. □ 

Let M be the normal bundle to GM^ in i\f and A/jy be the normal bundle 
to GMff n (j)^^[U) for any open subset U of X. It is proved in [Kir86h Lemma 
2.9 that M IjK is homeomorphic to a neighborhood of X{^-) = GMff //G and hence 
Afu//K is homeomorphic to a neighborhood oi U D X(ij). We identify A/jy with a 
tubular neighborhood of GMff n <j)~^{U) and identify J\fu//K with a neighborhood 
C/i of [/ n X^t,) in u. 

By the gradient flow of — l/^P, M" ^ can be equivariantly retracted into ^i^^{D^) 
where is the disk of radius e around in t* . By shrinking Ui if necessary and tak- 
ing £ sufflciently small, 4>~^{Ui) is retracted into Mu- Conversely, if we decrease the 
radius of a tubular neighborhood of GM1fC\cf)^^{U), it is included in<j)^^{Ui). These 
two inclusions are clearly inverse to each other homotopically and if-equivariantly 
since is equivariant. In particular, J\fu and (f)~^(JJi) are homotopically equivalent 
open neighborhoods of GMff n (t>^^{U). Therefore, H'^{(f>^^{Ui)) is canonically 
isomorphic to H'^{N'u) and V^.i^^^^ = V^^. Hence for cohomological purpose, we 
can think of JVjj as the preimage of a neighborhood of J7 fl Xf^ij^ 

Proposition 8.6. The restriction of the Kirwan map gives us an isomorphism 
Vp^^IH*iJ\fu//G). 
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We postpone the proof of this proposition and prove Thcorcm l7.7l 

Proof of Theorem \7 /J\ For an open subset U of X, let B*{U) be the kernel of the 
Kirwan map restricted to V^^i^jjy Then by ProDOsition l8.4l we can write 

(8.16) V;^,^^)=IH*{U)®B*{U). 

We have to show that B*{U) is zero. 

Let U be the preimage of U by the blow-up map a : X ^ X. By our induction 
hypothesis, the pull-back is an isomorphism of IH*{U) onto V^-if^jy-^ ^nd the 
Kirwan map is its inverse. 

Recall that we have the decomposition 16.5|l which induces an isomorphism 

(8.17) IH*{U)= IH*{U)® F*{U) 

where F*{U) is the hypercohomology of over U . Since B*{U) is mapped to zero 

by 

we see that B*(U) injects into F*{U). 

As , and H8.17|l all came from sheaf complexes, we have the following 
commutative diagram by restriction 

V;-HU)^ > i(i>) ^ IH*{U) = > IH*{U) © F*{U) > /i/*(i 



y^u"- > ^ IH*{Nu//K) IH*{Nul/K) © F*[U) > IH*[Afi 

where Nu is the preimage of Nu in A'F^ . Since T' is supported over = 
GMff //G, the vertical map for F*{U) is the identity map. 

Now let C be a nonzero element in B*{U). We know C, is mapped to a nonzero 
element, say 77 in F*{U). In the above diagram, 77 is mapped to zero in IH*{Mu //G). 
Then by Proposition C,\j\ru — and thus 77 = 0. This is a contradiction! So we 
proved that B*(J7) = 0. □ 

It remains to prove Proposition 18.61 This is a consequence of the next three 
lemmas. 

Let X and Mx be as in Definition O By | Kir85| CoroUary 5.6 and |Kir86aj 
Lemma 1.21, we have an isomorphism 

(8.18) H*j,{Nu) = [H* {MIj^ n r'(C/)//0 ® HUJ^.)]^""" 
from a degenerating spectral sequence. 

Lemma 8.7. Via the isomorphism 1^8.18}} . we have 

(8.19) V^^ - [H* {MM n 0-i(C/)//O ® V^S"""" ■ 

Proof. Let L E TZ{A4). If L is not conjugate to a subgroup of H, there is no L-fixed 
point in Af. Hence, after conjugation if necessary, we may assume that L <Z P. Let 
■N'u.L be the L-fixed subset of Mij. For VJ^ we have to consider the map 
(8.20) 
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It is obvious that Nu,l is a vector bundle over Af£^ n GMff D cj) ^{U). Using 
Lemma 18.21 it is easy to check that there are ki, ■ ■ ■ , kg in K so that 

i 

where Hi — kiHk^^. Since H is maximal in 7Z{M) we have isomorphisms 
by |Kir85| 5.6 and hence we have 

(8.21) H-^^^/Li^u,L) = ^H*^^^nN-./L (Mf. nrHC/)) ■ 

i 

If we apply Lemma [8 . 21 with L C H as subgroups of , we deduce that there 
exist gi, ■ ■ ■ , gt in such that 

{keN"\ k-^Lk CH} = \_\{N" n N^)gjH. 

j 

But for k E , k^^Lk C k^^Hk = H and hence we have 

j 

This implies that the natural embedding 

is of finite index. In particular, the identity component of D Nq /H n Nq is 
naturally isomorphic to the identity component /H of /H. 

Let be the identity component of N^' D Nq and put Si ^ Ni n Hi. Then 
Ni/Si ^ N"'/H,. Therefore, 

is the 7To{N^' D A^jf )-invariant part of 

(8.22) = H*^-^/H. n r\U)) ® H^/^ 

- H* (mi^^ n (/.-I ([/)//<') ® Hlf^ 

The first isomorphism in (|8.22l) came from |Kir86aj Lemma 1.21. Our interest lies 
in finding the kernel of H8.20|l . Combining H8.20|l . I|8.21|) and H8.22|l . we see that 
V^^ is the intersection of the kernels of 

(8.23) H},{Nu) - 0i?* (Mj!^ n 0-i(C/)//<') ® i?*^/^ ® H^-- 

i 

for all L e 7^(M). 

Now observe that the spaces that appear in l|On|) lie over GMf^l/G = Mf^//N". 
Applying spectral sequence, we get a homomorphism of spectral sequences whose 
_B2-terms give us 
(8.24) 
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The right side of (|8.24(l is isomorphic to 

(8.25) H* {Mli n ® Hl^^s.kjLS^-M) ® Hi 



by conjugation, where Lj = fc- ^Lfc^. Note that ^Siki/Li and n N^^ /Li share 
the same identity component say S[. Thus H*_i (J^x Li) is the invariant 

subspace of Hg, {Afx,Li ) with respect to a finite group action. With the isomorphism 
H8.25|l . the fiber direction in (|8.24() is exactly the truncation map 

for VJ^^. Therefore taking the kernel of H8.20|l for all L E TZ{M) gives us 

So we are done. □ 

Let y = P {Afx e C) D and Y be the blow-up of F at e A4. Consider the 
action of iJ on y and Y where H acts trivially on the summand C. 

Lemma 8.8. The actions of H onY and Y are weakly balanced. 

Proof. We identify the hyperplane at infinity Y — Mx with PA^ . The equation for 
the hyperplane at infinity is i/-invariant and hence F"* contains Mx- Therefore 
Y"^ = Mx U PA/'J'* . Let ^ y & Mx and suppose be the corresponding point y in 
PMx is semistable. By |Kir85| Lemma 4.3, y is fixed by L if and only if y is fixed 
by L. Hence we may consider only points in Mx- 

Let Stab(a;) = P. Since we could use any x e /i~^(0) as long as the infinitesimal 
stabilizer is LieiJ, we assume that P is minimal among the stabilizers whose Lie 
algebra is LieiJ so that Mx — W in the notation of Lemma [4. II 

First since the action of if on M is weakly balanced, the action of H on Mx is 
weakly linearly balanced and so is the action of iJ fl /L on the L-fixed subspace 
Mx,L- Hence we checked the weakly balanced condition for H. 

Now let ^ y G ^lJ^ (0) and let L be the identity component of the stabilizer of 
y. Then from H8.8|l . we see that the normal space to GMf^^ in M"^ is the same as the 
normal space to PcW^ in W at a generic point. But H is the identity component 
of P and Mx = W . Hence the normal space to GMf^ in M'** at a generic point is 
isomorphic to the normal space to HcMx,l in Mx at a generic point. Moreover since 
the diffeomorphism in Lemma 14.11 is equivariant, the actions of L on the normal 
spaces are identical. According to Definition 17.21 the weakly balanced condition is 
purely about the action of L on the normal spaces to HcMx,l for all L. Because 
the action of on M is weakly balanced, we deduce that the action of H on Mx is 
weakly balanced. So we proved that the action ofHonY is weakly balanced. 

Note that Y is the first blow-up in the partial dcsingularization for Y and hence 
r{Y) <r = r{M) by |Kir85j 6.1. By Remark|0(2), the action on Y is also weakly 
balanced. □ 

If we let Mx — Spec A for some polynomial ring then by definition |MFK94j 
there are homeomorphisms 

Mx//H ^ Spec A" PMx//H ^ Proj A" 

i.e. Mx//H is the afhne cone of PMx//H and Y//H is the projective cone of ¥Mx//H. 
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Since the equation for the hyperplane at infinity in Y is invariant, by construction 
of Y//G ( \MFKM\ Chapter 1 §4), it is obvious that the preimage oiMx//H by the 
GIT quotient map 0y : Y^" Y jj H is Mx ■ Because the action of on F is weakly 
balanced by Lemma [8.81 the Kirwan map for Y restricted to Nx 

>,^j^^:H*h{Mx)^IH*{NxIIH) 

is surjective by Proposition 16. 21 

Now the (sheaf-theoretic) Kirwan map gives us a homomorphism of the spectral 
sequence for if^(A/c/) to the spectral sequence for IH*{Mu//K). At £'2-level, we 
have a homomorphism 

[h* (kIIj' n d}~\U)//N^) ® HU^^^)] [h' (Af^= n (f^-\U)//N^) ® IH*{M^//H) 

But we know the left side spectral sequence degenerates ()8.18f) and ^ H'^{Afx) 
surjects onto IH*{Afx//H). Therefore the right side spectral sequence also degen- 
erates and we have an isomorphism ( |Kir86b] p495) 

(8.26) IH*{Mu//K) ^ [H* {Ml! n 4>-\U)l/N^) ® IH* {Nx// H)Y°''" 

In view of H8.19|l and H8.26|l . the proof of Proposition 18 . 61 is complete if we show 
the following lemma. 

Lemma 8.9. VJ^^ ^ IH*{Nx//H). 

Proof. As in the proof of Lemma 18.81 we may assume that Stab(x) is minimal 
among the stabilizers of points in /i^^(O) whose Lie algebra is \AeH. So we may 
use Lemma [4.11 with Mx = W . 

As Mx/l H is a cone with vertex point *, it is well-known that 

IW{Mx//H) = 

for i > uh and if i < nu, we have 

IH\Nx/lH) = IH\Nx//H -*) = IW{Nx - ^x\*)//H) 

where ipx ■ Mx Mx//H is the GIT quotient map and the following diagram 
commutes: 

IH\Mx//H) > IW{Mx~c^-H*)//H) 

(8.27) K,. 

HhW > H\j{Mx~<l^x\*)) 

As 4>x^{*) is the union of the complex cones over the unstable strata of PA4 and 
the real codimension of each unstable stratum is greater than nn by the weakly 
balanced condition, the real codimension of 4>x^(*) is greater than nn- Hence, the 
bottom horizontal map is an isomorphism. 

We claim that the the right vertical in (|8.27|) is injective and the image is 

VI, ,„i, Consider the following commutative diagram 

N^-(p^ (*) 

yss ). yss 



Y/IH^^Y//H 
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we see that 

r^e-\N.JlH -*) = S-'j-\MJ/H -*)= 5-^ (A/; - = A/; - cj)-\*). 

For the last isomorphism, observe that Afx — (px^i*) does not intersect with the 
blow-up center. Moreover, if y G JVx — the closure of He ■ y does not meet 

(if it does, the point belongs to <l>x^{*)) and thus y is semistable as a point in Y 
by (Kir85) Remark 7.7. 

Because the action of on F is weakly balanced and r{Y) < r ~ r{M), Theorem 
I7.7l is true for Y . In particular, if we apply the theorem for the preimage Mx — 4>x^{*) 
of the open set e^^ [Afx // H — *) by 7 we obtain the isomorphism 

Therefore, from H8.27|l . it suffices to show that 

for i < jiH by restriction. To see this, we note once again that for i < nn, 

H\j{Nx) ^ H'hiMx - rx\*)) 

is an isomorphism and the same is true for 

if fc > riL, j < uh — k < uh — n^, because the action of H H Nq /L on Mx,l is 
weakly linearly balanced. □ 

9. Examples 

Let 



Pt''{W)=Y,f dim W^{W) 

i>0 

IPt{W) dhjiIH'iW) 



i>0 

be the Poincare series. 

9.1. C*-action on projective space. Consider a C*-action on M = P" via a 
representation C* GL{n + 1). Let ri,+ , riQ, n_ be the number of positive, zero, 
negative weights. Suppose the action is weakly balanced, i.e. n+ — ri-. In this 
case, we can easily compute the intersection Betti nubmers by Theorem l7.7l 
From the equivariant Morse theory |Kir84j . 

(9.1) 

35I 1+i^H h<^" ^2no+2n+ _^ ^ £27i ^2no+2ri_^ ^ £2n 



1 - i2 1 _ t2 1 _ ^2 

2 _|_ . . . ^ ^2rio+2n_-2 _ ^2no+2n+ _ . . . _ ^2n 



l-t2 

In this case, 7^ = {S^} and Af|^ = p"o-i^ = n+ + n_ - 1 = 2n_ - 1. 

As 7?*i(P") -> i/*i((P")*^) ^ i7*i(P"«-i) is surjective, we have only to sub- 

t2"-(l + t2 _^ hi^""~^) 



tract out the Poincare series of ©.>2n_i?*(P"''~^) ® which is precisely 
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Therefore, 

2 ^ ];2 ^ . . . _|_ ^2ri_-2 _ ^2rio+2n+ _ ^2no+2n++2 . . . _ ^2 



/Pt (P"//C*) = 



1 

which is a pahndromic polynomial of degree 2n — 2. 

9.2. Ordered 2n-tuples of points of P^. Let us consider G = SL{2) action on 
the set M = (P^)^" of ordered 2n-tuples of points in P^ as Mobius transformations. 
Then the semistable 2ri-tuples are those containing no point of P^ strictly more 
than n times and the stable points are those containing no point at least n times. 
Let H be the maximal torus of G. Then 

n{M) = {H} 

A/f = to|/c {1,2,3,- ■• ,2n},|/| =n} 

where qi £ M, the j-th component of which is oo if G /, otherwise. Therefore, 
the action is weakly balanced. 

The normalizer N" satisfies N"/H = Z/2 and = H. Hence, 

The Z/2 action interchanges oo and 0, i.e. qi and g/c, and therefore, from now on, 
we only think of those /'s that contain 1 so that we can forget the Z/2 action. 

H^{M) = iJ^((pi)2") has generators a, 6, • ■ ' , 6n of degree 2 and of degree 
4, subject to the relations ^| = for 1 < j < 2n. The I-th component of the 
restriction map 

maps p^ to p^ and to p ii j E I, —p otherwise. From |Kir84| . 

n<r<2n ^ ' 



1 /2r7\ ^2"-2 



Proposition 9.1. 



2\n J l-f^ 

Proof. By Theorem l7.7l we have only to subtract out the Poincare series of 

Im{H*j,(W)^®lH*H} n {®I®^>nHHh} 

where ur is in this case 2n — 3. By the lemma below, which is essentially combinato- 
rial, the image contains ®i®i>2n-zH\j and thus the intersection is ®i®i>2n-sH'\j, 
whose Poincare series is precisely 

1 f2n\ t2»-2 



1 -t2- 

So we are done. □ □ 

Lemma 9.2. The restriction map Hj^{M^^) ®iH^ is surjective for k >n—l. 

Proof. It is equivalent to show that H'^{M) (BiHj^ is surjective. Let ^ = 
^2 + • • • + ^2n and consider, for each / = (1, ^2, • • • , hi), 

'7/ = (e-e.j'^---(C~ 
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Then since = —p for all J, rii\q, = {—2pY if J = I and otherwise, where 
k = k2 + • • ■ + kn, ki > 1. Therefore, the images of those r]i span (BiHj^ for any 
k>n—l and thus the restriction is surjective. □ □ 

9.3. Intersection pairing. Consider the C* action on by a representation with 
weights +1, 0, —1 of multiplicity 3, 2, 3 respectively. Hence, n+ = n_ = 3, no = 2. 
Then 

where ^ is a generator in i/^(P^) and p is a generator in H'^i. 

The equivariant Euler classes for the two unstable strata are — p)^, C^(^+/o)^ 
respectively. Therefore, 

H*s^{{p'n = cK, - pf, eii + pf) 

A Grobner basis for the relation ideal is 

where ^ > p. Hence as a vector space, 

Hhii^T) = CUV Ii = 0, 1, J > 0} © C{eV|2i + i < 9,i > 2,i > 0} 
By definition, as ngi = 5, we remove C{^*p^|i = 0, 1, j > 3} to get 

V = ®0<i<6V^' 

VO = c, V^ = C{p,0, V^ = C{p\^p,e}, 

V' = mp',ep,e}, = c{ep^ep,e}, 
= c{ep^ fp^}, = cifp^}. 

First, consider the pairing V'^(^V^° V^"^. As /o(CV^) = ^^P^, p{^^P^) = C^P^ = 0, 
= ^^P^ = 0, £,{^^p^) = i'^p^ = — l^^p'', the pairing matrix is up to a 

constant 



1 




3/ 

The determinant is — ^ 7^ and the signature is 0. 

Next, consider the pairing V'^ ^ V^"^. One can similarly use the Grobner 

basis to compute the pairing as above. The pairing matrix is up to a constant 




The determinant is — ^ ^ and the signature is 1. 

Similarly, the intersection pairing matrix for ^ V^"^ is up to a constant 




The determinant is — ^ 7^ and the signature is 1. 

In this way, one can compute the intersection pairing for any no,n_ = n+. 
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In a subsequent paper, we will compute the intersection pairing of the moduli 
spaces of holomorphic vector bundles over a Riemann surface of any rank and 
degree, using the nonabelian localization theorem of Jeffrey and Kirwan. 
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